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1 Introduction 

The Schwinger model [|IJ (SM) (two-dimensional QED with massless fermions) on a 
Euclidean torus T 2 is exactly soluble @ 0, and in many calculations it would be 
useful to have an expression for the general A-point correlation function of chiral 
densities. 

It is well known that in this model the "photon" acquires a mass due to chiral 
anomaly and fermions disappear from the physical spectrum. 

*e-mail address: azakov_s@hotmail.com 
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There are some features of the SM which have similiarity with those of QCD. 
Fermion condensate, mass generation, dynamical symmetry breaking and confine- 
ment are among them. In both models instantons are supposed to be responsible 
for some nontrivial vacuum expectation values 0, ||, 0. 

Work on a torus is desirable by several reasons. Firstly, by defining the model 
on a finite volume we get rid of infrared problems. Compactification makes mathe- 
matical manipulations more rigorous, topological relations become more precise and 
transparent. One should remember that the fermion path integrals have no meaning 
unless defined using a discrete basis. 

Secondly, in this case we have a model with nontrivial topology in which we 
can find explicitly fermionic zero modes and Green's functions in all topological 
sectors. A presence of topologically non-trivial configurations of the gauge field (in- 
stantons) and fermionic zero modes allows in path integral framework to reproduce 
the structure of the SM found in the operator formalism [Q. 

Thirdly, a compactification on a torus allows to find finite temperature and finite 
size effects and is appropriate to the systematic analysis of the lattice approximtion. 
It is a torus which is most naturally approximated by the finite cubical lattice on 
which the numerical calculations are performed ||. 

Finally, torus and circle are particularly appropriate for studying the relation be- 
tween the Hamiltonian and path integral approach in the gauge theory with massless 
fermions [|TUJ, JTT . 



Thanks to its full solubility the SM may also be used to test various ideas related 
to nonperturbative structure of quantum field theory. 

Bardakci and Crescimanno were the first who using path integral approach ex- 
plored the role of nontrivial topological configurations in two-dimensional fermionic 
model relevant in the context of string compactification fll2"| . They were able to show 
that certain correlation functions which, being zero for the trivial topology, consid- 
erably change by nontrivial topological effect. Following the ideas of Bardakci and 
Crescimanno Manias, Naon and Trobo studied the behaviour of correlation func- 
tions of fermion bilinear operators in the SM with topologically nontrivial gauge 



configurations in the infinite space-time [13]. Two- and four- point correlation func- 



tions in the SM on the torus have been calculated in J5J,[I3]. The authors of the 
paper [15] considered a six-point correlation function in this model which due to 
some technical difficulties they managed to calculate only at finite temperature but 
in the infinite space. They also made a conjecture about the explicit expression for 
the N-point correlator of chiral densities again at the finite temperatures but in the 
infinite space. 

The paper is organized as follows. In Section 2 we briefly review the results 
obtained before for the SM on the torus in Euclidean (path integral) approach 
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@] , , @ and relevant for the present consideration. In addition to these results we 
give some new information which concerns the possible choice of the zero modes and 
fermionic Green's functions in the nontrivial topological sectors. Section 3 is devoted 
to the discussion of modular transformation. The invariance with respect to this 
transformation helps us in the sequel to determine some proportionality constants. 
In section 4 which is the central part of the present work we get our main result. 
The last section is reserved for conclusions and the discussion of possible directions 
of the future investigation. 

2 A brief review of path integral formulation of 
the SM on the Euclidean torus 

The SM action on the Euclidean torus (0 < X\ < Li, < x 2 < L 2 ) reads 

S = J^d 2 x(^FUx)+Hxh,(d,-ieA,(x))4>(x^ , (1) 

where F 12 (x) = diA 2 (x) — d 2 Ai(x) is a field strength. We use conventions and 
notations used in 0,0. The evaluation of quantum mechanical expectation values 
(QMEV) in the path integral formulation 

(n[& V, A M ]> = i J Vty, A.pg, v, 4J e - fl fo^] , (2) 

where the Z factor (the partition function): 

Z = fvfa&AJe- 8 ®^ , (3) 
gets the following form for QMEV of fermion fields 

(^1(^1)^1(2/1) ■ ■■^ aN {x N )i>p N (y N )) 

= Z- X E L[ kl [ PAe- 5 ^det'[L l7M (^ - ieAJ] 

x E(-ir E(-i) Pj x« m ■ ■ ■ m (x^l ■ ■ • itl (%>i) 
p z p 3 ,fei 

X5 '£| ) fe | +1 ft| fc | + i ( Xi |fe|+i' yj\k\+V A ) " ' ^Siftjv ( X *iv> ^) • ( 4 ) 

Here we have already performed the fermion integration / T>[ip, i/j] over the fermionic 
Grassmann variables. The sum is taken over all possible permutations 
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Pi = (h,i 2 ,...,i N ) and P j = (j 1 ,j 2 ,...,Jn) of (1,2,..., N) , (-1)^((-1)^) is a 
parity of the permutation Pi(Pj). 

Let us discuss the topological origin and the physical meaning of the different 
parts of this expression for the SM on the 2d torus: 

2.1 Topology of £7(l)-gauge fields A^(x) on the torus 
The topology of [/(l)-gauge fields on T 2 : 

M x ) = C< i\ x ) + h + ^ud v h{x) + d,a(x) (5) 

is given by the decomposition of into Chern classes together with the Hodge 
decomposition [[UJ. C^\x) = — ^l 2 x 2^,v, a gauge potential in the Lorentz gauge 



which leads to a constant field strength F^ u (x) = Jj*^ of the stationary gauge 
action. It belongs to the Chern class with a topological charge (topological quantum 
number) j- J T2 Fi 2 d 2 x = k, and it plays the role of an instanton in our model. It 
defines a connection of a principal non-trivial £/(l)-bundle over T 2 with transition 
functions A l/ (x): 

A^x + L v ) = A^x) - % -K- 1 (x)d il K v (x) . 
In our gauge the transition functions are gauge transformations: 

A 1 (x) = e mk %, A 2 (x) = e- mk ^, (6) 

and describe the continuation of C^ k ' in the U(l) bundles along a cycle in T 2 . 
is a harmonic potential: Ot^ = 0, called toron field. It is a zero mode of the 
gauge field and is restricted to < t M < T M , where T M = t^ u d u b(x) describes 



gauge independent 'deformations ' of C^\x), a(x) is a pure local gauge: d^a(x) = 
— je _Jea ^^ M e iea ^^.Large gauge transformations on T 2 : A(x) = exp27ri(mi^- + 
m 2 j^) transform the toron field according to — > t M + T^m^. The Hodge decom- 
position leads to a product decomposition of the functional measure appearing in 
the path integral formulation: 

!VA = Y,I VA(k) = E fVafvb (7) 

k k J J 

2.2 Fermionic zero modes x{ x ) 



The Atiyah-Singer index theorem for Dirac equation 16 1 states that the number of 



solutions with spin parallel minus the number of solutions with spin anti-paralell is 
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equal to \k\. The fermionic zero modes are solutions of the Dirac equation satisfying 
the periodic boundary conditions described by the transition functions A v (x) of the 
[/(l)-bundle: 

ln(dp - ieA^xix) = with x(x + L v ) = A u (x)x(x). (8) 
In future we will consider also the operator 

A) = D\ a=b=0 = y^ - iefa + Cf ))) . (9) 

Then x^\ x ) = e iea<yXS,+nbb<yX ^> ] x^K x ) j where x^K x ) is a zero mode of the Dq operator, 
which can be explicitly expressed by Jacobi's ^-functions \$% , JTS]. The most general 



expression for the zero modes of the D operator with the positive chirality (k > 0) 
in the Lorentz gauge takes a form |L{| (j = 1, . . . , k) 



X U \ X ) = (10) 

with 

X ?(x) = ^y^i-eff^lt^f^^)^), (11) 

where functions T^\z) obey the periodicity conditions 

T«\z + 1) = T«\z) , T?\z + r)= e^^lf (*) (12) 



and are chosen in such a way that the zero modes Eq. (|TT|) are orthonormalized 
(z' = z + i/k, where z = Xl + tX2 , ( = Im2;,T = and t = t 2 +i\r\t 1 , = %^t^ bar 
means complex conjugation). The constant factor in the r.h.s. of Eq . (|Tl~D is chosen 
for convenience. We have two explicit solutions. One was presented in |2j 

Tp'V) = e-^^^-^'e^kz' + (j - l)r\kr). (13) 
Another has a form: 



(14) 



Note that this is actually the solution found by Sachs and Wipf [§]. In order to see 
this one should apply to it the modular transformation considered in Section 3. 
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Of course, each function of the set Eq.flTiD is a linear combination of the functions 
of the set Eq.(pT3|), since there is a relation 

fc-i 

9 3 (z\r/k) = e nil2 ^ +27Tilz 9 3 (kz + lr\kr) . (15) 
1=0 

For the zero modes of the negative chirality (k < 0) we have 



with 



4i\x) = ( ^ e -tt^«^T«>(?>), (17) 



where z" = z — 4-,. 

\k\ 

2.3 Regularized effective action [A| 

We have calculated the regularized effective action 

r^L4] = 21ndet'(Li7 At (9 A1 — ieA^))+Y reg {{Mj}) for the different topological sectors. 
The result is IB, [HI: 



2 

rf e )[A] = - / d 2 xb(x)ab(x) 

+ 25 , fc ln|e'^^ 1 (t|r)r / - 1 (r)| 2 (18) 
- (1 - <5 , fc ){21ndetA/l fc) - |Jfe|(ln(2|Jfe|/|r| - 2m))) 
+ r reg ({Mj}) . 



As discussed below the first term is a 'mass term', see Eq. (|25|) . The second term 
defines the 'induced toron action' r( )[t] , (i](t) is Dedekind's function). It is induced 
by the fermions via the spectral flow of the Dirac operator JO]]. In calculating the 
effective action for gauge fields from the topological non-trivial sectors k 7^ 0, one has 
to separate the zero modes. The third line contains the determinant of the matrix 
of the scalar products of the (non-orthonormal) zero- modes and a weight 

factor of the non-trivial sectors ||,||. The regularization term r re9 {(Mj}) drops 
off by the normalization of the path integral formula. The term |/c|(ln(2|fc|/|r| — 
2iri) compensates the length scale dependence of the zero mode's normalization. It 
determines the relative weights of the contributions from the different topological 
sectors. Observe that in the general formula Eq.@ it is assumed that zero modes 
X^\x) are orthonormalized. If not the matrix A/^ will enter this formula (see 
Eq.©). 
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2.4 The fermion propagator S^ k \x,y;A) 

It follows from the well-known solution of the 2d Dirac equation with external gauge 
potential that the fermion propagator can be written as 

S {k \x,y;A) = e iea(x) \x, y)e~ teaHy) , (19) 

with a(x) = a(x) — ij5b(x), where Sf k \x,y) is a propagator of fermions in the 
background gauge field A^(x),a = b = from the sector with the topological 
charge k. There is an explicit expression for St (x,y) in terms of ^-functions [] f2|, 
1,0: 

/ n v 3 6i(z-w+i) ffl(c-o« \ 

S?\x-y)= 3B( -- f) «, ^W^) e , (20) 

1 v \ '1 0i(z-w-t) -pr-(C-C)* n / 

\ Li 6»i(t)6»i(S-tD) C U / 

where w = yi ^ V2 and £ = Imiy. Note that Sf (x) becomes singular for t = 0. This 
singularity is caused by the constant solution of the Dirac equation with t — 0. It 
represents a zero mode in the trivial sector. In the path integral it is compensated 
by a zero of the Boltzmann factor of the induced toron action: ~ exp(r(°) [i]/2). In 
the sector with k > the fermionic Green's function takes a form Pl, [|15f| : 



St J (x,y) = Si >(x,y) eM v , (21) 

q (K, {w) 

where q( k \z) is a function which obeys the same periodicity conditions as the func- 
tions T { k j \z) (see Eq.flTjD) 

gW ( Z + 1) = g( fc ) (*) , ( z + T ) = ^H^+t) g (k) ^ ? (22) 

and have no poles in z. Some examples are as follows: 

q ^(z)=6 3 (z\r/k) , (23) 



q^(z) = e 2mlz e 3 (kz + lT\kr) , (24) 

where 1 = 0, 1, . . . ,k — 1. Note that any linear combination of functions Eq.(|24|) also 
obeys the periodicity conditions Eq . (^2|) . When k ^ the choice of the fermionic 
Green's function is not unique. All possible choices differ by the linear combination 
of the zero modes. 

1 In what follows we will use shorthand notations for (9-functions 9 a (z) = 9 a (z\T) if the second 
argument of a theta function is r. 
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2.5 Scalar propagators on the torus 

The b(x)- dependent part of the action consists of the gauge field action S g [A] and 
the mass term of giving together S[b] = 1/2 f Ti dxb(x)D(D — m 2 )b(x) with 

m 2 = e 2 /ix. The corresponding propagator satisfies the equation: 

□ (□ - m 2 )G(x -y) = 5^ 2 \x - y) - _L (25) 

L1L2 

where 5^ (x—y) is Dirac's 5-function on the torus. It can be written as the difference 
of a massless and massive propagator on the torus orthogonal to the constant func- 
tions: G(x) = l/m 2 {G (x) — G m (x)}. There is a closed expression in the massless 
case 

1 - f-i, 



G,(x) = -—\n[ V -\r)e-^\e 1 (z)\^ . (26) 

In the massive case we use the infinite sum for G m (x) = G m (x) + \jvn?L\Li: 

1 ^ cosh[E(n)(L 2 /2-\x 2 \)]e 2mn ^ 
mK ) ~ 2L X V E(n) sinh[L 2 £(n)/2] ' 1 ] 

where 



E(n) = sj 47r 2 n 2 L 1 2 + m? . 

2.6 Chiral condensate and two-point correlators of chiral 
densities 

If one considers QMEV only of gauge invariant quantities the pure gauge field a(x) 
may be integrated over with no consequence and we will not consider it in future. 
Then in the topological sector with the topological charge k we may write: 

/ VAe~ s[A] ... = e"^fe f Tl dt x dt 2 I Vbe^S . . . (28) 

JA k JO JO J 

The partition function Eq.@ is a product of three factors: 

Z = f VAe- s ^ r ^ = Z Z t Z M , (29) 
•Mo 

where 

Z = J p &e -|/^%)°(°-^ 2 )%) ; (30) 
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Z, = f' *, T * 2 eK»>«, = , (31) 

Jo Jo P 2 /oUrj,„T,2M 



Z M = e l r - S (W'}) . (32) 

The QMEV of fermion fields exhibit the mechanism of chiral symmetry breaking by 
an anomaly. The configurations with k = ±1 are responsible for the formation of 
the chiral condensate || , || , @ , which has a form: 

$(x)P±il)(x)) = - fill e 2e2G{0) ~^&~2 , (33) 

where P± = ~(1 ± 75), and two-point correlators of chiral densities 

(i>{x)P+il){x)i){y)P^{y)) = ((ij(x)P + ij(x))) 2 e 4 ^ m(x - y) , (34) 

$(x)P+i/;(x)$(y)P + <il>(y)) = ((^(x)P + ^(x)))V 4 ^^ (35) 

get contributions from the topological sectors with k = and k = 2, respectively 
[0], [ 14 1 . The expressions for this correlators of the SM in the infinite space-time 



were first obtained by Casher, Kogut and Susskind P0| who used the bosonization 
techniques in the operator formalism. The nonvanishing (i(j(x)i(j(x)) 2 in this model 
was obtained for the first time by Lowenstein and Swieca |§. 

3 Modular transformation 

Under exchange 

{xi)i <-> (xi) 2 , L x <-> L 2 , h <-> t 2 , 71 «-> 72 (36) 



we have a modular transformation: 



1 z _ z 

, z > , z > , 
r t t 



+ 1 t Z+Z (l7\ 

< > C -> -^m 75 -> -7s • (37) 



r 2|r 
Under this transformation we have transitions 

t/(t) -> 77 ( ) = v^^( r ) > 

r v 
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e^zlr) - 6 1 (--\ --)= iJ^\e^e x {z\r) , 

T T V 

_ / Z t 1 \ / 2TVZt . TVt 2 

OAz + t\r) X ( + ---) = J\r\e^r-— + ^T9 1 (z - t\r). (38) 

V T T T/ V 

One can easily check that under modular transformation: Gq(x) and Sf (x) are 
invariant, there is an exchange of the zero modes of opposite chirality: Xi\ x ) 
4>2 (x) and 

e*$ z€ 9 3 (z\T/k) -> J\T\ke~T^ K 6z{kz\kT) , (39) 



e^ zC e 3 (kz\kT) 



^-e~^ C e 3 (z\T/k) . 
k 



(40) 



So the modular transformation acts on the fermionic Green's function in the nontriv- 
ial topological sector Eq.([H]) effectively (up to a linear combination of zero modes) 
as a complex conjugation. 

4 General formula 



The general formula which we want to prove is 



(tJ)(x)P + iJ>(x))f e" 47r £ 



i<j 



Ej Cj Gm & j ) 



(41) 



i=i 



where = ±(±1). 

Without loss of the generality we may consider two cases (N = r + s,r — s = 
k,s < r, r(s) is a number of factors in the l.h.s. of Eq.(|4T|) with e = +(e = — ) : 
1) r — s. Only a trivial sector k = contributes. From the most general formula 
Eq.(§) it follows that 



;n fe)^(^M^-^)> 



i=l 



Z- 1 f VAe~ s ^ + ^ A Uet S^fa^A) 



(42) 



(We omit the matrix indices 12 of the 2x2 fermion propagator matrix in the following 
for shorthand. Since we consider only the case with k > only this matrix element 
will be appearing in our calculations). With the help of the Eq. fll9D we may write 



IdetUStzi, 3/^)11 1 



»2eE4=iW*i)-6(w 



det 



(43) 
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and do the path integration with over the b field with the result: 

i=i _ 

.T, .T„ 

(0)/ 



/•Ti /-T2 

x / dti / dt 2 

JO J 



det 



5r(^,%) |0i(t)f e 



|2 .-a*^ -2_ 



(44) 



Then the only integration which is left is the integration with respect to the toron 
field. From Eq.(pO|) it follows (i, j — 1, . . . , r) : 



det 



&t ( x i) Vj) 



7]° 



det 



(45) 



It can be proven that 

6»i (zi -Wj+t) 



det 



-1 



e 1 (z i -w j )6 1 (t) 

(r-l) ]li<j - Zj)8\{Wi - Wj) 



(46) 



\i=l 



This formula is a generalization to the torus of the Cauchy determinant formula [pi 



det 



(-1)- 



(47) 



The proof is based on the examination of the zero and pole structure of the l.h.s. 
of Eq.fl4"6|) using short distance behaviour given in l.h.s. of Eq.(fI7|). Then one 
may check that functions in both sides obey the same periodicity conditions when 
Zi — > Z{ + 1, Wj — > Wj + 1 and Zi — > Zi + r, Wj — > Wj + r (standard elliptic function 
arguments). 

Now the integration with respect to the toron field can be done with the help of 
the formula 



dtx f dt 2 e in(h 6 a {z + t)8 a {z + t)e~ 2 ^ = ^L, a = 1,3 
11 Jo <'2\t\ 



(4f 



and we get 



Z~ l f Tl dtx dt 2 
Jo Jo 



det 
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X 



nr<i>|gi(^-^)rn; <J v|gi(w J --w J -or 



(49) 



If we insert this result into Eq.(Q) and take into account Eg. fl26|) together with Eqs 
(|33D and (31) we will see that this is Eq.(41) for the case when r = s. 

2) r — s = k > 0. Only a sector with the topological charge k contributes and 
Eq.(|4i"D takes a form 



N 



(tl$(x i )P+Mx i )I[$(y j )P-.1>(y j )) = ($(x)P + iP(x)) 
From the general formula Eq.(|4]) for s > 1 it follows 

i=l j=l 

= Z- l L\ ( VAe' s ^ +1 ^ k M det II S<*>) II 2 (detjvf } 

where the r x r matrix j| (%, S 1 ^) || reads as 

.. #(x0 S( k \x x , yi ;A) ... S«(x liy .;A)\ 



(50) 



-i 



(51) 



(x,s w ) 



Ui^r) ••• X?^) 5«(x r)!/1 ;A) ... S^(x r ,y s ;A)J 



.(52) 



Now we may use the relation between the zero modes x(x) and x(x), Eq.fll9l), and 
do the path integration over the b(x) field with the result 



: ^( 2e2G (°)-^k) 



i=i 



xe 4l Ew' G (a; l -xv)+47r^;j <j ., Gofe -yy )-4tt ££ =1 £)* =1 Gofe-yj) 
'Ti r?2 n.\ 2 



x dtx dt2 det (x, 5, 
Jo Jo 

From Eq.(EID it follows that 



(53) 



det (x, $ 



k \t\J Ll k+2s€ 
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xe 



det II M 



'•■j 



where r x r matrix ||My-|| is defined such that for 1 < j < k 



Mi 



and for k + 1 < j < r 



Mi A 



v -Tl j \ Zl + i/k) 
B x {zi - Wj- k + t)qW(zi) 



(54) 



(55) 



(56) 



l] 6 1 (z i -w j -. k )e 1 (fiqV°\w j - k ) 
Now for the determinant of the matrix M it can be proven the following expression 



det II M 



n;<^i(^-^)n;<^i(t«. 



rn=in-=i^-^ 



■e„ 



(57) 



,i=i 



where a = 1(3) if k is even(odd). (If s — 1 one should take 1 instead of the 
product nj<j ,m the numerator.) For the cases r = 2, s — 1 (considered in [TJ|]) and 
r = 3, s = 1 we calculated the determinant in the l.h.s. explicitely using Eqs (|TTD , 
O and (|STP and checked the formula Eq.fl57|). 

The proof of this formula for arbitrary values of r and s is again based on the 
comparison of the analytic structures and periodicity properties of its both sides. 
The constant C k can not be fixed by this consideration and in order to find it one 
should do some additional analysis. 

Now with the help of Eq. (^) we can do the integration with respect to the toron 
field and obtain 



dt± / dt2 



det 



(x, s [ t 



c k \ V s [ ) 



2k\ 



k/2 



1 



T 



2k+2s 




E(o - GO 2 + E (0 - OO 2 - E E(o - & 



i=i j=i 



nLin? = ii^-^)i 2 



(5? 



As we see for our aim it is sufficient to know only |Cfc| 2 . In order to find it we 
may use the properties which the objects entering Eq.fl5"8|) demonstrate under the 
modular transformation considered in Section 3. The l.h.s. of Eq.([58|) is invariant 
under this transformation so its r.h.s. should be invariant as well. With the help of 
Eq . (|26|) we find that it will really be the case if 



V 



-(fc-l)(fc-2) 



(59) 
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Using this expression together with Eqs.(|58|), (|33|) and fl3T|) in Eq.(^) we will get 
the desired result (Eq. (|50|) ). 

The case when s = can be considered similarly. Now instead of the matrix 



Eq.fl52|) we will have a matrix of the zero modes 
result in this case we may use the formula 



Xl K x i) 



only. To obtain the 



det 



Tl j \ Zl + i/k) J = C k f[ 9 1 (z i - Zj )9 a (j2 Zi + 1) 

i<j \i=l / 



(60) 



where a — 1(3) if k is even (odd). This formula can be proven by the same method 
as the formula Eq.(fTj). 



5 Conclusions 

Many interesting features of the SM on a torus are related to the fact that on the 
torus one can separate in a simple manner the zero modes from the other degrees 
of freedom. They need a special treatment in the quantum theory and contribute 
to correlation functions of the fermion fields. The role of the zero modes in the 
chiral symmetry breaking by an anomaly and in the occurence of clustering becomes 
particularly transparent. 

The dynamics of the toron field is determined by the action r^[t], which is 
induced by the effect of this field on the fermions. It controls infrared singulari- 
ties. The averiging with respect to the toron field assures a translation invariant 
distribution of the symmetry breaking zero modes in the topologically non-trivial 
sectors. 

The knowledge of the exact expressions of the N-point correlators is necessary for 
finding of the finite temperature spectral functions and offer important information 
related to the symmetry problems p2| . 

There are several interesting issues possible for the further investigation. 

One can extend our consideration to the case of the still exactly soluble geomet- 
ric (Nf = 2) and multiflavor (Nf is arbitrary) massless SM ||23|| , where in the 



spectrum in addition to one massive particle there appear an iso-spin multiplet of 
massless particles. In this case the factor Nf which appears in the toron action will 
change the character of the toron integration considerably and hence their dynamical 
role. 

The general formula Eq. (f|T]) which we obtained in the present work is exremely 
useful for the consideration of the two-dimensional QED with one flavor massive 
fermions (massive SM). This model is not exactly soluble but one can do the per- 



turbation expansion in the fermion mass following the approach developed in |p24] 
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The perturbation theory in fermion masses cannot be employed in the Nf > 2 



case as physical quantities are not analytic in fermion mass at T = f25|, ||26| . In 
this case it can be applied only in the high temperature regime. In papers 
QED 2 with massive fermions on a circle have been investigated by the method of 
abelian bosonization. We believe that new results in QED 2 with massive N-flavor 
fermions will help to understand how the effect of quark masses modify the vacuum 
structure, meson masses, mixing and the pattern of chiral symmetry breaking. 



Another interesting problem is to consider SM on a torus at finite density [p7 



and find out how the chemical potencial will enter into our general formula Eq . ([41]) . 

A detailed discussion of the different limits Li,L 2 — > oo is still to be done. For 
an useful discussion related to this problem see 0. 

Although the present calculations have been done for a simple two-dimensional 
abelian model we hope that they further our intuition needed to understand non- 
perturbative physics of realistic theory such as QCD |23. They could be useful 



for the comparison with the results obtained by the authors who do the lattice 
simulations of the SM ||. 

Recently a systematic comparison between SM on a torus in the present Eu- 
clidean (path integral) approach and SM on a circle in a Hamiltonian (canonical) 



approach [p9||, [RO] has been fulfiled ||11||. It is worthwile to mention that the general 



formula Eq. (|41]) can also be obtained in the second approach. 
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